Comment on "Vortices induced in a superconducting loop by asymmetric kinetic 
inductance and their detection in transport measurements" 
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The paper by G. R. Berdiyorov, M. V. Milosevic, and F. M. Peeters [Phys. Rev. B 81, 144511 
(2010)] studies theoretically the dynamic properties of a superconducting loop. The authors claim 
that their consideration of asymmetric loop relates to our experimental results in this field. We 
point out that this claim is incorrect and explain shortly the true paradoxical essence of the results 
of our measurements of asymmetric superconducting loop. 



1. INTRODUCTION 

The authors of the paper jT| investigate theoretically 
the flux quantization and vortex entry in a thin rectan- 
gular superconducting loop (with thickness much smaller 
than the coherence length d <C ^ and the penetration 
depth c? <C A, width w = 2^ and lateral sizes a = 32^ 
and b — 16^) under influence of a transport electric cur- 
rent applied through the normal contacts size equal to 
the loop width and of a magnetic field B perpendicular 
to the plane of the loop. They refer in the Introduction 
on some results of transport measurements of asymmetric 
superconducting loop , including our one [1, Q , making 
urgent their theoretical investigation of the complexity 
of the problem rising if asymmetry is introduced. Below 
they note about a similarity of behaviour of the output 
voltage on the applied field obtained in their paper [1] 
and experimentally in our work Q. In the Conclusion 
the authors claim that they theoretical results [l| relate 
to our experimental efforts in the field [1, Q • We must 
say that this claim is a consequence of misunderstanding 
of our experimental results [Sl-Q as well as the results of 
other authors [2]- We should explain in this Comment 
that the method used in [l[ is not valid for a description 
both the critical current oscillations [4] and the dc volt- 
age oscillation [2,, j5]. It can not used also for a description 
of the Little-Parks oscillations Q . In order to avoid the 
muddle we use the term "Little-Parks oscillations" only 
for the resistance oscillations observed first by Little and 
Parks 0. 



2. TRANSITION FROM CONTINUOUS TO 
STRONG DISCRETE SPECTRUM OF 
PERMITTED STATES 

First of all we should note that a notion about vortex 
entry used in [l| misleads when processes of measure- 
ments [1, Q should be described. The magnetic field 
dependencies of the critical currents Ic+ [B) and Ic- {B) 
were determined in |4j by measuring periodically repeat- 
ing current-voltage characteristics (a period of 10 Hz) in 
a slowly varying magnetic field Bgoi (a period of approx- 
imately 0.01 Hz) as follows. First, the condition that the 
structure was in the superconducting state was checked. 



Next, after the threshold voltage was exceeded (this volt- 
age, set above induced voltages and noises of the measur- 
ing system, determined the minimum measurable critical 
current), magnetic field and critical current (with a delay 
of about 30 /is) were switched on. This procedure allowed 
to measure sequentially critical currents in the positive 
Ic+ and negative Ic- directions with respect to the exter- 
nal measuring current lext- Measurements of one Ic+{B) 
or Ic-{B) dependence (1000 values) took about 100 s. 

Thus, the ring (loop) was switched between super- 
conducting and normal states at each Ic+ or Ic- mea- 
surement by the measuring current lext varying period- 
ically between Icxt < —Ic-{B) and Icxt > +Ic+{B), see 
Fig.l. The measurements [4;] was made only in the tem- 
perature region T < 0.991Tc where the current-voltage 
characteristics of single aluminium ring exhibit hystere- 
sis and a sharp transition of the entire structure both to 
the normal and superconducting state, Fig.l. Because 
of the requirement that the complex pair wave func- 
tion ^ — \'i\exp{iip) must be single-valued §^dlVif = 
§1^ dl{mv + qA)/h — 27rn the pair momentum mv 



(t dlmv — 2Trh(n ) 

Ji $0 



(1) 



(see the relation (1) in [4] or (2) in Q) and the persis- 
tent current Ip — s2e7igV — /p^2(n — <I>/$o) circulat- 
ing in the ring can not be equal zero in superconducting 
state when the magnetic flux $ = BS + Lip w BS ^ 
<I>o inside I. Here $0 = 27rfi,/g is the flux quantum; 
Ip,A — qh/2mr{sns)~^ is the amplitude of the persis- 
tent current oscillations (when n — ^/^o changes be- 
tween -0.5 and 0.5) in a ring with section s and pairs 
density Hs — which may vary along the ring cir- 
cumference I; (sus)^^ = l^^ dl(sns)~^ J7]. The quan- 
tum number n, describing the angular momentum of each 
TOp = §^ dlmv/2'K = h(n — ^/^g) and all superconduct- 
ing pairs Mp = N^mp = {2m/ q)IpS , is any integer num- 
ber according to the requirement of quantization. But 
the measurements [3, Q indicate that the same quantum 
number n is chosen almost always at each ring transition 
in superconducting state in a give magnetic field $ « BS. 
Different numbers, n and n -I- 1, or n and n — 1 are cho- 
sen only in peculiar rings [9[. It is observed because of 
the predominate probability P„ oc exjp—En/ksT of the 
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FIG. 1: A typical current-voltage characteristic (CVC) of sin- 
gle aluminium ring at T < O.OQTc- The ring with radius 
r « 2 /im, the photos of which are shown, jumps from super- 
conducting into normal state when the value of the external 
current [Jei^tl reaches the critical values Ic+ or Jc- and comes 
back into superconducting state when the \Iext\ value decries 
down to Irs- The arrows along CVC indicate the direction of 
the lext change in time. The ring photos are shown in order to 
accentuate that the angular momentum of the mobile charge 
carriers changes on a macroscopic value |AMp| = (2m/q)l/p|5' 
at the transitions between superconducting and normal states 
because of the change of the circular electric current between 

Icir — Ip and Icir — 0. 



permitted state (1) with minimal energy 



En 



dlsn,—^ = Ip,AMn--^f (2) 
2 $0 



The permitted state spectrum of real superconducting 
loop is strongly discrete \En+i — £'„| = Ip^A^o ^ ksT: 
Ip,A^o/kB > 300 X at T < 0.99Tc and typical value 
Ip,A = 0.2 mA{l - T/Tc) [8]. 

Thus, the permitted states with \n — ^/^o\ < 0.5 is 
observed at the measurement of the critical current [3]. 
These permitted states give predominate contribution to 
the values of the dc voltage and resistance at the obser- 
vations of the dc voltage and the Little-Parks oscillation 
. In contrast to our experiments [1, the authors [l| 
consider the permitted states with \n — <i>/$o| > 0.5. In 
the case considered in [l[ the vortex penetrates inside the 
loop or the quantum number n changes when the criti- 
cal current is reached in a loop segment with increas- 
ing applied current or magnetic field. Our experimental 
results [81] corroborate that the critical current of one- 
dimensional (i.e. d,w < ^(T), dw < A(T)) loop is equal 
approximately the depairing current and therefore corre- 
sponds to the depairing velocity Vc = h/m^'i^{T) 10]. 
The velocity (1) in a loop with approximately homoge- 
neous section s = dw reaches the critical value v = Vc 
at \n - $/$ol ~ V27rV'3C(T). Therefore the quantum 
number n does not correspond, in general, to minimal 
kinetic energy (2), \n — ^/^q\ > 0.5 and the hystere- 



sis of niagnetic dependence of loop magnetisation is ob- 
served [11 [13 at l/2TTy/3£_{T) > 0.5. The notion about 
vortex entry has a sense when the quantum number n 
changes in [Tl|, [12] on An = 1, 2, 3, • • • at w « Wc, because 
measurable parameters connected with the pair momen- 
tum (1) change in this case. But it is absurd to say 
that n — BS/^o vortices penetrate into a loop at its 
transition to superconducting state in the magnetic field 
B — n^o/S. It is more correct to say that a qualitative 
transition from continuous to strong discrete spectrum 
of permitted states of the mobile charge carriers takes 
place in this case, see Figl in [l^. The authors [ij could 
not have even a possibility to describe our experimental 
results [3-[3 using the time-dependent Ginzburg-Landau 
(GL) equation because the time-dependent GL theory 
can not describe this qualitative transition between states 
with different connectivity of wave function [isj . 



3. MACROSCOPIC CHANGE OF ANGULAR 
MOMENTUM BECAUSE OF THE 
QUANTIZATION 

A careful consideration of the process of the Ic+ , Ic- 
measurement [3, [^ reveals a puzzle which is observed 
also in the Meissner effect. J.E. Hirsch wonders fairly 
[l3 | that this puzzle is ignored: "Strangely, the question 
of what is the 'force ' propelling the mobile charge carri- 
ers and the ions in the superconductor to move in direc- 
tion opposite to the electromagnetic force in the Meiss- 
ner effect was essentially never raised nor answered" . It 
is obvious that the velocity of the mobile charge carri- 
ers, the circular current Idr and the angular momen- 
tum Mp = {2m/q)IcirS change at the transition both in 
normal state at \Iext\ > Ic+,Ic- and in superconduct- 
ing state at \Iext\ < Irs, Fig.l. The angular momentum 
changes on a macroscopic value JAMp] = {2m/q)\Ip — 0\S 
i 3 10"/i(l - T/Tc)2\n - $/$oi at the 
^ ^ 14 /xm^ and the amplitude Ip^A ~ 

/„ of the 



T/Tc) of the persistent current j-p 



equal JAMp 
square S — irr 
0.2 mA{l - 

rings measured in [4j, [Sj] . It is well known that the cir- 
cular current Icir(t) = Ipexp—t/TnL decays in a ring 
with an inductance L a non-zero resistance R > dur- 
ing the relaxation time t^l — L/ R because of the dis- 
sipation force mdv/dt — Fdis acting between electrons 
and the crystalline lattice of ions. Therefore there is 
not a problem with the angular momentum change from 
Mp = {2m/q)IpS to Mp = after the transition in nor- 
mal state. The current decays down to zero at the mea- 
surements in [3, [^ because of the infinitesimality of the 
relaxation time trl = L/Rn < 10~^^ s (at L w 10^^^ H 
and Rn > 15 f2 of the rings) in comparison with the mea- 
surement time t « 0.01 s of one current-voltage charac- 
teristic. 

All theories of superconductivity and quantum me- 
chanics predict the change from Mp = to Mp = 
(2m/q)IpS after the transition in superconducting state 
because superconducting state with the pair angular mo- 
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mentum irip = §^ dlmv/2TT = is forbidden at $ 7^ n<J>o 
(1). But no theory can say what is the 'force' pro- 
peUing the mobile charge carriers in this case. No the- 
ory can say also how quickly the average velocity of 
the mobile charge carriers should change from u = to 
V = {h/mr){n — <^ /<^q) equal « 14 m/s at the ring radius 
r K, 2 fim and n — i'/i'o ~ 1/2. The basis of the the- 
oretical investigation [l|, the time-dependent Ginzburg- 
Landau (GL) theory, includes the GL relaxation time tgl 
describing the change in time of the density of supercon- 
ducting pairs Hs- But the 'force' propellin g th e mobile 
charge and a time of the velocity change [13| can not 
be deduced from the time-dependent GL theory or any 
other theory of superconductivity known now. Therefore 
the authors [l| could consider theoretically only the case 
which differs in essence from the one of our measurements 
of the critical current 01 • 



4. THE DC VOLTAGE AND THE 
LITTLE-PARKS OSCILLATIONS 

Their theoretical consideration [l| can not have also 
any relation to the observations of the dc voltage 0, 0, Q 
and the Little-Parks oscillations [sj. These observations 
reveal obvious paradox. It is well known that an elec- 
trical current must rapidly (during the relaxation time 
trl = L/R) decay in a loop with a resistance i? > 
if magnetic flux inside the ring does not change in time 
d^/dt = 0. But the observations of the quantum oscilla- 
tions of the resistance, AR (xl? d, H, [l^ and magnetic 
susceptibility A$/p — Lip [T^ give evidence that the 
persistent current can not decay in spite of non-zero re- 
sistance without the Faraday electrical field —dA/dt = 0. 
Moreover the measurements of the Little-Parks oscilla- 
tions at low values of the measuring current I^xt [E, [IBl 
gives evidence that the persistent current can flow against 
electric field. The same paradox is obvious also in the ob- 
servations of the dc voltage oscillations 0, H, H, H, [13) [Hi ■ 
These paradoxes are direct consequence of the puzzle con- 
sidered above. 

There is important to note that both the persistent 
current and the loop resistance are not zero on average in 
time 7p = Q-^ /® dtip ^0,R= Q-^ /® dtR > in the 
process of the critical current measurements |8j . For 
case of the real measurements 8 is a time longer than 
the period w 0.1 s of measuring current variation and 
much shorted than the period ~ 100 s of magnetic field 
variation. According to the current-voltage characteristic 
shown on Fig.l the ring resistance equals the resistance 
in normal state R = i?„ during the time from t « ii 
to t « t2, from t ^ to t Ri t^, from i w to t « 
tr, and R — during the time from t ^ t2 to t 
and from t ^ to t ^ when Ip = Ip^A^in — $/$o)- 
Therefore these values on average in time should be equal 
'R_ ~ Rn{t 2 - ti -f ts - h +t7 - h)/{t'j - ti) > and 
Tp « 7;72(n - $/$o)(i3 -t2+h~ h)/{tr - h) ^ 



when {n - <i>/<i>o) ^ 0. 

The average velocity of mobile charge carriers circulat- 
ing in the loop changes from f dlv — {27Th/m){n — ^/^o) 
to f dlv = because of the dissipation force mdv/dt = 
Fdis at each transition in normal state at \Iext \ ~ Ic+, Ic- 
and from ^ dlv = to ^ dlv — {2TTh/m){n — $/$o) be- 
cause of the quantization (1) at each transition in super- 
conducting state at \Iext \ ~ Irs, Fig.l. 

The latter explains why the persistent current can not 
decay in spite of non-zero dissipation [isj for example 
in the Little-Parks effect Ai?($/$o) oc 0,111. The 
dissipation power equal RI^^^ without external current 
lext = may be weak Rl^ir = dtRll^^{t) = 

dtRI^exp-2t/TRL ~ < at 

a low frequency fsw ^ ^/trl = Rn/L of switch- 
ing between superconducting and normal state. But 
it can not be zero at i? > and Ip as well as 

the dissipation force § dlFdis = § dlQ~^ dtFdisdt = 
J^dtdi§dlmv)/dt = Q-'EsJiidlrnv)t=e - 
(/ dlmv)t=o] ~ -2-Kh{n~ $/<i>o) 7^ when n- <i>/$o 7^ 0. 
The obvious equality 27rft(n-$/$o)-27r?i(n-<l>/$o) = 
taken on average in time 8 gives a "force" balance 

"^{n- ^)f,^+ j dlF;^s^lFq + j dlF;^,=Q (3) 

where {2Trh/m){n — $/$o)/sid/^ — Fq is the momen- 
tum change in a time unity of mobile charge carrier be- 
cause of the quantization called in Q "quantum force". 
The quantum force replaces formally the force —qdA/dt 
of the Faraday electric field —dA/dt and can explain 
the paradoxical phenomena observed at the mea- 
surements of the Little-Parks and the dc voltage 
[l,H,[l,H,[l3,[ll| oscillations. The quantum force can not 
be deduced on the base of the time-dependent Ginzburg- 
Landau theory. Therefore the behaviour of the output 
voltage on the applied field observed in 0, H, [El , in par- 
ticular shown on Fig. 4 in [Bj can not be similar with 
anything obtained in [l[. 

We regret that the authors [l| could not under- 
stand totally the essence of the behaviour of the out- 
put voltage shown on Fig. 4 in Q. It is clearly writ- 
ten in that because of the presence of alternating- 
sign Vp(<I>/$o) oscillations (shown on Fig. 5), the to- 
tal output voltage (shown on Fig. 4) is the sum 

y($/$0) = Rolext + Ai?($/$o)/e.t + Vpi<l>/<^>o) of the 

voltage Rolext + A.R{<^ /'^o)Iext depending on the exter- 
nal dc current I^xt and Vp{^/^a). The Little-Parks os- 
cillations Ai?(<i>/<i>o)/ei,t (X I^ oc {n- ^/^o)^ have ex- 
tremums at <f> = n$o and ^ — {n + 0.5)<I'o, see Fig. 3 
in '5] whereas the extremums of the alternating-sign os- 
cillations Vp{^/^o) are observed between $ — n^o and 
<& = (n + 0.5)$o, see Fig.5 in The amplitude of the 
Little-Parks oscillations Ai?($/$o) shown on Fig. 4 in Q 
equals approximately 40 and of the V^($/$o) oscilla- 
tions shown on Fig.5 in [5| equals approximately 600 nV. 
Therefore the extremums of the total output voltage 
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l/(<J>/$o) are observed at $ = n<I>o and $ = (n + 0.5)$o 
when I » 600 nT^/40 n ^ 15 nA, Fig.3 m 5j, and be- 
tween $ = n$o and $ = (n-|-0.5)$o when \Iext \ 15 nA, 
Fig. 5 in No result of [1] can have any relation to the 
both cases. 



5. CONCLUSION 

The publication [ll] reveals the lack of understanding 
that existing theories of superconductivity can not pro- 
vide a complete description of all quantum phenomena 
observed in superconductors. The force-free momentum 
change of the mobile charge carriers at the transition 
into superconducting state is not only puzzle which no 
theory of superconductivity can solve. We would like to 
draw readers attention on a paradoxical contradiction be- 
tween theoretical prediction and results of measurements 
of magnetic dependencies of the critical current of asym- 
metric superconducting rings revealed in our works [j, [1] ■ 
A simple theoretical consideration 's'l based on the con- 
dition of quantization (1) predicts that the critical cur- 
rent of symmetric (i.e. with the same width Ww — Wn 
and length 1^ = In = 1/2 oi the ring arms) ring should 
oscillate in magnetic field 4> « BS in accordance with 
the relation Ic = Ico ~ 2|/p| = Ico - ^Ip^A^ln - <i>/$o|- 
The pair velocity (1) and the persistent current cor- 
responding to the minimal energy (2) should jump at 
$ = (n -I- 0.5)'I>o from Ip = /p,A2(-0.5) = ~Ip,A to 
Ip — Ip,A'2{+0.5) — +Ip,A with the quantum number 
change from n to n + 1. This jump should not be ob- 
served at measurement of the critical current of symmet- 
ric ring because | — = | + Ip,A\- But the jump of 



the critical current Ale = Ip.Aiww/wn — Wn/ww) should 
be observed at measurement of the asymmetric ring with 
different width Ww > Wn, see Fig. 19 in 0, or differ- 
ent length Ijjj > In of the ring arms. Our measure- 
ments Q as well as measurements of other authors of 
symmetric rings have corroborated the theoretical predic- 
tion. But measurements of asymmetric rings made first 
in our works [1, [1] have revealed qualitative discrepan- 
cies between theoretical and experimental magnetic de- 
pendencies of the critical current. First of all we have 
discovered that the jump predicted because of the quan- 
tum number n change is absent on the experimental de- 
pendencies measured on rings both with Ww > 01 
and lyj > In [l^. These results are very strange because 
the observed periodicity can be connected only with the 
n change and the quantum number can not change on a 
value lesser than unity according to the basic principles 
of quantum mechanics. Other paradoxical result discov- 
ered at measurement of rings with Ww > Wn is the shift 
of the critical current oscillations /c+($/$o), -^c- ($/^'o) 
with the appearance of ring asymmetry up to ±<i>o/4 
at Wyj/wn > 1.25 3. This shift of Ic+{^/^o) and 
Ic-{^/^o) in opposite direction provides the anisotropy 
lean = /c+($/$o + 1/4) - /c-(^/$o " 1/4) ^ of the 
critical current of asymmetric ring and the explanation of 
the rectification efi'ect [st]. But the /c+(<l>/$o), -fc- (*/<&o) 
extremums should be observed at $ = n^o and $ = 
{n + 0.5) $0 according to the condition of the quantiza- 
tion (1) and can not be observed at $ = (n-f 0.25)$o and 
$ = (n-f 0.75)$o- The qualitative discrepancies between 
theoretical predictions and experimental results should 
be explained. The attempt by the authors jlj to explain 
at least the shift is completely unfounded. 
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